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color degree of v; i.e., the number of colors

adjacent to v in G.

Ex.   G

In this talk, we consider degree condition for cycles 

in edge-colored graphs. Let

Sc ( G ) : = min {

dccv
) 1 new G) }

rainbow §
Triangle ! I

Note : 8 ( o ) > 84 G)

a 8461=2



Ex.   G

For a vertex v in an edge-colored graph G, let CN(v) be 
the set of colors assigned to edges incident to v.

v
CN ( v )={ green ,

red }



☆ Some natural questions:

What is the sharp degree conditions for the followings?

Prop. 1: If G is an edge-colored graph of order with

, then G contains a properly colored cycle.

Prop. 2. If G is an edge-colored graph of order with

, then G contains a rainbow cycle.

n

89 G) 3 f- ( h )

. n

89 G) 38( h )



☆ Answer for Prop.1

Prop. 1: If G is an edge-colored graph of order with

, then G contains a properly colored cycle.

n

846 ) 3 fin )

Th I ( Li
, Zhang and F

, JGT

2018
)

Let D be the least value of Fln ) Sit
. Prop .

I is true
.

Then n + I =D ! !&÷ holds .



Construction of sharpness example:

Gi : Doing this way , we Can

Gz :
Construct Gitl from Gi

So that 846in ) = itl

- -
and Gitt has no PC cycle .

Gi Gi

G } :
Note : 8461 , ) =D ,

62 Gz g
IYGDH =D ! §of ,



☆ Partial answer for Prop. 2

Prop. 2. If G is an edge-colored graph of order with

, then G contains a rainbow cycle.

. n

JCCG ) 3 8 ( h )

Th 2 ( Li et al
.

EUJC 2014 )

Let D be The least value of fcn ) st . Prop .
2 is true

.

Then D < zht 1 holds
.



Th 2 ( Li et al
.

EUJC 2014 )

Let G be an edge - Colored graph of order N 75 with

8. ( G) 3 E .
Then Go

3
rainbow triangle or G= Ken ,

eh
.

Th 3 ( Broersma et al
.

AUJC2005
)

Let G be an edge - Colored graph of order n
74

s ,t
,

ICN ( U ) u CN ( n ) 1 3 n - 1 for every pair Y;=YC- V( G) .

Then Go ⇒ rainbow Triangle or
3 rainbow C 4 .



Our results are following.

Th 4 ( Ning ,
Xu , Zhang and F)

For 1<31
,
let 6 be an edge - Colored graph of order n

7105k
- 24

St ,
1 CN ( U ) u CN ( n ) 1 3 n - 1 for every pair Y;=YC- V( G) .

Then G D K rainbow C 4.

Th 5 ( Ning ,
Xu , Zhang and F)

Let6 be an edge - Colored graph of order n 7 6 St ,

1 CN ( U ) u CN ( n ) 1 3 n - 1 for every pair Y;=YC- V( G) .

Then Go
3

rainbow triangle or GI Ken ,
eh

.



Our results are following.

Th 6 ( Ning ,
Xu , Zhang and F)

For 1<31
,
let 6 be an edge - Colored graph of orderns.t .

ICN ( U ) u CN ( n ) I 3 HE +641<+1 for every pair Y,±YC- V( G) .

Then G) K vertex - disjoint rainbow cycles .

Cor . For 1<>-1
, if G is an edge - colored graph of order N

with 846 ) 7 zh +64kt 1
,

Then

G) K vertex - disjoint rainbow cycles .



Our results are following:

Remark. The minimum color degree conditions are sharp.

Th
.

7 ( Li , Zhang and F JGT 2018 )

If 84km
, n ) 3 2 then ⇒

PC Cat or Co in Km
,
n

.

Th
.

8 ( Li , Zhang and F J GT 2018 )

If 84km
, n ) 33then ⇒

PC Cat in km
.
n

.



Our results are following:

Remark. The minimum color degree conditions are sharp.

Th
.

7 ( Li , Zhang and F JGT 2018 )

If 84km
, n ) 3 2 then ⇒

PC Cat or Co in km
,
n

.

for . ,
Th

.

8 ( Li , Zhang and F J GT 2018 )

If 84km
, n )

33k
then ⇒

KPC
Cain Km

.
n

.



I propose the following conjecture:

Conj .

If 81km ,n ) 3 ¥n +1 then each vertex

is contained in properly colored cycles of

length 4.6 ,

. . .

,
min { ZM , 2h } , respectively .



We have the following partial result to this conjecture.

Th
.

9 ( Li
, Zhang and F J GT 2018 )

It 84km
, n ) 3 Fit I then each vertex

is contained in a properly colored cycle of

length 4
.



The bound on the color degree condition is best possible.

The case where m=5, n=4:

Prop .

# edge . Coloring of Km
,
ns.t

.

81km ,n )

= mtyn
+3

and Fue Km ,n St : any properly

Colored C 4 does not contain

:
841<5,4 ) =

5+4+3

4



⚫”Decomposing edge-colored graphs under color degree constraints” CPC, accepted 
   (with Ruonan Li and Guanghui Wang)
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I propose the following conjecture:

Conj.

Let G be an edge-colored graph with 

Then G can be partitioned into 2 parts A and B s.t.

G A B

846 ) 7 atbtl
.

8961 A ] ) > a and 89643 ] ) > b
.

sizatbtt 8
'
> a 85,1 ,



Our main results are following.

- Conj. is true for a=b=2.

Thm. (Ruonan Li, Guanghui Wang, and F)

Let G be an edge-colored graph with 

Then G can be partitioned into 2 parts A and B s.t.

G

A B

83285,2

89 G) 35
.

8 '(G[ A ] ) >
, 2 and 846 [ B ] ) 32

.



Pbm. Determine the least value f(k) which makes the 
following proposition true.

Prop. Every digraph D with  
contains k vertex-disjoint dicycles.

Conj. (Bermond and Thomassen, JGT'81)

Our results are closely related to Bermond-Thomassen's 
conjecture in digraphs. 

Known results: True for k≦3.

ft ( D ) 3 f ( k )

f ( k ) = 2k - 1
.

a. *•
a.

a.

*• a. *•



In fact, we obtained a stronger statement. To state this, 
let g(k) be the following function.

Pbm. Determine the least value f(k) which makes the 
following proposition true.

Prop. Every digraph D with  
contains k vertex-disjoint dicycles.

Ref.

Glk )=(
2 11<=1 )

ma×{ flk ) -11,91k . 1) +3 } 1 k > 2)

gt( D) 3f( k )



We obtained the following theorem.

Thm 1. (Ruonan Li, Guanghui Wang and F.)

Let G be an edge-colored graph with 

Then G can be partitioned into k parts A1,...,Ak s.t.

G
Note: g(2) = 5.

846 ) > 8 ( k )
.

8(G[ Ai ] ) 32 for K if K
.

2

85.2 832 832



Proof idea for Theorem 1.

In view of induction on k, we can check that proving the 
case k=2 is essential.

Thm. (Ruonan Li, Guanghui Wang, and F)

Let G be an edge-colored graph with 

Then G can be partitioned into 2 parts A and B s.t.

89 G) 35
.

8 '(G[ A ] ) >
, 2 and 846 [ B ] ) 32

.



It suffices to show that the following proposition is true.

Prop.1. If G is an edge-colored graph with

then G has two vertex-disjoint subgraphs A1,A2 s.t.

- Prop.1 implies our theorem.

8
'

(G) 75
,

84A , ) z 2 and STAZ) 32
.

° :) Take A , and Az so that I Aiu Azl is maximum
.

Suppose G- 1 Aiu Az ) ¥0
. If 8

'
( G- ( Aiu Az ) ) 32

,
then

[ Ai ,
G- A , ] is a desired partition

.
But 846 - I Aiu Az ) ) E 1

would contradict The maximal ity of 1 Aiu Azl
. O



- Prop.1 implies our theorem.
°o° ) Take A , and Az so that 1 Aiu Azl is maximum

.

Suppose G- lAiuAz ) ¥0
. If 8

'
( G- ( Aiu Az ) ) 32

,
then

[ Ai ,
G- A , ] is a desired partition

.
But 846 - lAiuAz ) ) E 1

would contradict The maximal ity of IAIUAZI
. O

2 z 2

× ×
G- ( Aiuth )

two no



Proof ideas:

By contradiction, let G be a counterexample of Prop.1'.

(i) |G| is as small as possible, and subject to (i);

(ii) |E(G)| is as small as possible, and subject to (ii);

(iii) the number of colors in G is as large as possible.

We choose such an edge-colored G so that:



By the choice of G, we see the following. For color j,  
let Gj be the subgraph of G obtained from color j edges.

Claim. Any Gj forms a star.
are

are are

:o) If there is a mono .
P4 in G

,
are *a•

then we can delete an edge from the P4
,
which

contradicts The choice 056
.

gy g) 35 !
84435

G
'

6
are •a• are ea• ers era •a• ra•



By the choice of G, we see the following. For color j,  
let Gj be the subgraph of G obtained from color j edges.

Claim. Any Gj forms a star.
are

ra• are

Also
,

if
there is a mono .

C } in G
,
*a• •a•

then we can delete an edge from the Cz ,
which

contradicts the choice 056
.

gyg '

) 35 !
84435

G
'

G *a• *a•

*a• are *a• *a•



By the choice of G, we see the following. For color j,  
let Gj be the subgraph of G obtained from color j edges.

Claim. Any Gj forms a star.
are

are are

f There are two vertex - disj . mono
. Stars

, ear era

then we can recolor one of Them
,
which contradicts

The choice of G
.

Thus
,
the claim works

. o

846 '

) > 5 !
84435

G
'

G are *a• era •a•
age are ea• *a•

ra• are •a• •a•
ra• are •a• •a•



If G contains a rainbow triangle,  
we can easily find a desired partition.

Thus we may assume that  
G has no rainbow triangle.

We also use some inductive argument 
such as vertex deletions and edge contractions.

Utilizing these techniques, we can get  
a contradiction..

G

easiesare



Pbm. Determine the least value f(k) which makes the 
following proposition true.

Prop. Every digraph D with  
contains k vertex-disjoint dicycles.

Ref.

Returning to the statement of Thm.1, 

let's observe how digraph things are involved in our Pbm.

"

896 ) 381k )
"

,

91k )=(
2 11<=1 )

ma×{ flk ) -11,91k . 1) +3 } 1 k > 2)

gt( D) 3f( k )



Although the following argument is slightly different from 
the actual proof of our theorem, it'd be good to understand 
the proof approach (roughly).

Recall the claim that any mono. component is a star.

From a mono. star, we can give an orientation on the edges 
in the following way:

era era

are *a• *a• are

ers era



Doing this way, we can construct a digraph D from G.

In view of Clm, we see that  
any dicycle in D forms a properly colored cycle in G.

rar

) *a•

era
ersare

.••*a•.••.••*•.rod
are



Doing this way, we can construct a digraph D from G.

In view of Clm, we see that  
any dicycle in D forms a properly colored cycle in G.

Thus, if 
then we can find k vertex-disj. 
properly colored cycles, and  
hence we get a desired partition!

areG
•a•

¥ £ ' ' ' ' 35 ' "
'

•a•
•a• •a•

ra•



- Conj. is true for b=2 in edge-colored complete bip. graphs.

Thm 2. (Ruonan Li, Shenggui Zhang, and F)

Let G be an edge-colored complete bip. graph with

Then G can be partitioned into 2 parts A and B s.t.

f
Cor

.
of Th .

8 in Part I !

8 '

( G ) 3 at 2
.

8
'

( GCA] ) 3 A and 846 CBD 32
.



We also showed that our problem for the case b=2 
has close links with Bermond-Thomassen's conjecture.

Pbm. Determine the least value f(k) which makes the 
following proposition true.

Prop. Every digraph D with  
contains k vertex-disjoint dicycles.

Conj. (Bermond and Thomassen, JGT'81)

ft ( D ) >,f( k )

f( K )= 2k - I
.

a. a. a. a. a.
e. a.

a. *• •• a. e.



Pbm. Determine the least value f(k) which makes the 
following proposition true.

Prop. Every digraph D with  
contains k vertex-disjoint dicycles.

Conj. (Bermond and Thomassen, JGT'81)

Known results.
(k=1,2: Thomassen '83; k=3: Lichiadopol et al. '09)- true for k=1,2,3. 

- f(k)≦ 64k (Alon, JCTB'97)

JTCD ) >,f( k )

f( K )= 2k - 1
.



Thm 3. (Ruonan Li, Guanghui Wang, and F)

If our conjecture is true for b=2 then f(k) ≦

Conj. (Bermond and Thomassen, JGT'81)

Known results.
- true for k=1,2,3. 
- f(k)≦ 64k (Alon, JCTB'97)

3k - 1
.

f( K )= 2k - 1
.



Further results.

Thm 4. (Ruonan Li, Guanghui Wang and F)

Let G be an edge-colored complete graph with

Then G can be partitioned into 2 parts A and B s.t.

8 '

( G) 3 At 3
.

8 '(G[ A ] ) >
, A and 846 [ B ] ) 32

.



Further results.

Thm 5. ( Ruonan Li, Guanghui Wang, and F)

Let G be an edge-colored graph of order n with

Then G can be partitioned into 2 parts A and B s.t.

a > 1,31and 846 ) 3

Zlnn
+41 a -1 )

.

8461 A ] ) > a and 89643 ] ) 3 b
.


